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In conventional materials, Cherenkov radiation (CR) due to a moving charged particle is associated
with a broad frequency range and velocity threshold. Here, we show that using a periodic grating struc-
ture, which possesses photonic bound states in the continuum (BICs) and quasi-BICs, unusual CR can be
generated in a very narrow frequency band at a particle velocity below the common threshold. This effect
arises from an interesting light-amplification process in the BIC structure, which can dramatically improve
the efficiencies of evanescent-to-propagating wave conversion and CR generation. Our results present a
mechanism for realizing Cherenkov lasing at low electron velocity and may find applications in compact
free-electron lasers.
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I. INTRODUCTION

When a charged particle moves in a medium, it can drive
the medium to emit coherent propagating electromagnetic
(EM) waves. Such a phenomenon, first experimentally
discovered by Cherenkov [1] and now called Cherenkov
radiation (CR), has been widely used in particle detec-
tors and counters and forms the basis of free-electron light
sources [2].

In conventional materials, CR occurs only when the par-
ticle velocity exceeds the medium’s phase velocity [2].
If the particle velocity is below the velocity threshold,
only evanescent waves can be detected in the vicin-
ity of the moving particle. In 1953, Smith and Pur-
cell experimentally demonstrate that using a diffraction
grating, the evanescent waves of moving particles can
be converted into propagating waves [3]. As it works
without any velocity threshold, such a new type of CR
presents a possibility in the development of compact
free-electron light sources (which do not require a high
electron velocity and large electron accelerator). How-
ever, such unusual CR still exhibits characteristics of a
low evanescent-to-propagating wave conversion efficiency
and wide frequency range. Hence, it remains difficult
to construct compact free-electron lasers [4]. Although
considerable efforts have been devoted to study CR in
more complex artificial structures such as photonic crystals
(PCs) and metamaterials [5–19], this problem remains
unsolved.
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In this paper, we investigate CR in a new class of
photonic structure, which possesses photonic bound states
in the continuum (BICs) and quasi-BICs. BIC is ini-
tially a concept in quantum mechanics, which refers to
an unusual bound state with energy above the continuum
threshold [20–22]. Recently, BIC has been realized essen-
tially as a wave phenomenon and its photonic analog has
been created in certain periodic photonic structures [23–
40]. Such photonic BICs manifest themselves as modes
with the infinite quality (Q) factor above the light line
(i.e., in the continuum of free-space modes). When the
photonic BICs and quasi-BICs are excited, a very strong
field can occur in a large area of structure, enabling
many fascinating phenomena and applications [23–40].
While photonic BIC structures have been extensively
investigated, their abilities of evanescent-to-propagating
wave conversion and CR generation have seldom been
studied.

Here, we focus on a photonic BIC structure consist-
ing of two parallel equivalent dielectric gratings [23–25].
By adjusting the distance between the two gratings, the
Q factor of the structure can be flexibly tuned, result-
ing in photonic BICs and quasi-BICs. It is found that
the wave conversion efficiency at resonant frequency can
increase linearly with increasing the Q factor of the BIC
structure, much higher than those in common diffraction
gratings. Based on this effect, strong CR can be, in princi-
ple, realized in a very narrow frequency range, leading to
Cherenkov lasing at a relatively low particle velocity. Our
results arise from an interesting light-amplification process
in the double-grating structure, and can be anticipated in
other BIC structures.
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II. RESULTS

The structures under study are a single grating and a
double grating that are located in the vacuum, as shown
in Fig. 1. The structures have a period p in the x direc-
tion and is invariant in the y direction. The upper surfaces
of the structures are at z = 0. The gratings are com-
posed of dielectric strips with a width w1 = 0.6p , thickness
w2 = 0.4p , and refractive index n = 3.44. Here, n = 3.44
corresponds to Si at λ = 2.5 μm. Since the refractive
index of Si changes slightly in the infrared region (3.49 >

n > 3.42 for λ from 1.4 to 333 μm) [41], our results
can be valid in a wide frequency range by using differ-
ent period p (but nearly unchanged ratios of λ/p , w1/p ,
and w2/p). Hence, we will show our results as a function
of the ratio p/λ or the normalized frequency fp/c ≡ p/λ,
where f is the frequency, and c and λ are the light veloc-
ity and wavelength in the vacuum, respectively. For the
case of evanescent wave incidence, the wave conversion
efficiencies can be defined as Cr = |cr|2 = |H3/H1|2 and
Ct = |ct|2 = |H4/H1|2. Here, the incident evanescent wave
and outgoing propagating waves have wavevectors in the
x-z plane and H field along the y direction. H1 is the H field
of incident evanescent wave at the upper surface of the
grating, and H3 and H4 are the H field of the upward and
downward propagating waves, respectively. The incident
evanescent wave and outgoing propagating waves possess
a parallel component of wavevector kx and kx − 2π/p ,
respectively. We also study the case of normal incidence
of propagating waves with H field in the y direction.
All the simulations are conducted by using a commercial
finite-element software of COMSOL MULTIPHYSICS.

We first discuss the single-grating structure. In Fig. 1(a),
the specular reflection coefficient R0 = |r0|2 is plotted
as a function of the normalized frequency fp/c ≡ p/λ

for normal incidence of a propagating plane wave. A
low-Q resonance (Q0 = 3.0) is visible at normalized fre-
quency fR0p/c = 0.48825. At the resonance, total reflec-
tion occurs [24,25] and the field is concentrated at the
dielectric strips. Due to the diffraction effect, the sin-
gle grating can also convert an incident evanescent plane
wave into outgoing propagating plane waves. The corre-
sponding wave conversion efficiencies of Cr0 = |cr0|2 and
Ct0 = |ct0|2 are shown in Fig. 1(b), where the incident
evanescent wave and outgoing propagating waves pos-
sess a parallel component of wavevector kx = 2π/p and
kx = 0, respectively. Moderate wave conversion efficien-
cies (Cr0 < 0.6, Ct0 < 0.15) can be seen in a broad range
of frequency.

We study a double-grating structure composed of two
equivalent dielectric gratings. The distance between the
two gratings is h = 0.23p , and the other parameters
are the same as those of the above single dielectric
grating. In Fig. 1(c), the specular reflection spectrum
is shown for normal incidence of propagating plane
waves. A high-Q resonance (Q = 6504) can be seen at

(a) (b)

(d)(c)

FIG. 1. (a) Top panel: schematic of the normal impinging of
a propagating plane wave upon a single dielectric grating. The
grating has a period of p along the x direction and is invariant in
the y direction. The dielectric strips in the gratings have a width
w1, thickness w2, and refractive index n. Bottom panel: specu-
lar reflection coefficient R as a function of normalized frequency
fp/c ≡ p/λ. Inset: the profile of

∣∣Hy (x, z)
∣∣ at resonant frequency,

where the incident propagating plane wave has
∣∣Hy

∣∣ = 1 and
the white rectangles outline the dielectric strips. (b) Top panel:
schematic of the impinging of an evanescent plane wave upon the
single grating. The incident evanescent plane wave has a parallel
component of wavevector kx and can be converted into outgo-
ing propagating waves with a parallel component of wavevector
kx − 2π/p . Bottom panel: wave conversion efficiencies, Cr and
Ct, for kx = 2π/p . (c),(d) The same as (a),(b) but for a dou-
ble dielectric grating. The distance between the two gratings
h = 0.23p . In (a)–(d), all the gratings have the same parameters:
n = 3.44 (corresponding to Si at λ = 2.5 μm), w1 = 0.6p , and
w2 = 0.4p .

normalized frequency fRp/c ≡ p/λR = 0.48188, where λR
is the resonant wavelength in the vacuum. Due to the res-
onance tunneling effect, total transmission is observed at
the resonant frequency. Compared with the case of single
grating, much stronger field can be excited in the double-
grating structure [24]. Such a strong resonance can be
called quasi-BIC [23,24]. In Fig. 1(d), the wave conversion
efficiencies are then demonstrated for the double grating.
Very efficient wave conversion (Ct = 405.2, Cr = 405.9)
can be seen at the resonant frequency, much more efficient
than that (Ct0 = 0.55, Cr0 = 0.08) in the single grating.

To qualitatively understand the physics behind the
above simulated results, we consider a simplified model
for the double-grating structure. In the region between
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the two gratings, only propagating waves are considered
while the evanescent waves are neglected. The constituent
single grating is regarded as a resonator array with trans-
mission amplitude t0 (ω), reflection amplitude r0 (ω), and
wave conversion efficiencies cr0 (ω) and ct0 (ω), where
ω = 2π f is the angular frequency. In the vicinity of the
resonant angular frequency ωR0 = 2π fR0, the transmis-
sion and reflection amplitude can be approximated by the
Breit-Wigner form [24]:

t0 = (ω − ωR0) exp(iϕt0)

ω − ωR0 + i�0/2
, r0 = i (�0/2) exp(iϕr0)

ω − ωR0 + i�0/2
,

(1)

where �0 = ωR0/Q0 is the width of the resonance. The
reflection phase ϕr0 is a function of frequency, and ϕr0 ≈
ϕr0(ωR0) + a1(ωR − ωR0) near the resonance. Based on
a Fabry-Perot-type approach (or a 2 × 2 transfer matrix
method) [24,42,43], the transmission amplitude and wave
conversion efficiencies of the double grating can be
obtained:

t = t20
g−1 − gr2

0
, ct = ct0t0

g−1 − gr2
0

, cr = cr0 + ctgr0,

(2)

where g = eikzh, kz =
√

k2
0 − k2

xp , k0 = ω/c is the wavenum-
ber in the vacuum, kxp is the parallel component of the
wavevector for the propagating plane waves between the
two gratings, and kxp = kx (kxp = kx − 2π/p) for the inci-
dence of propagating (evanescent) plane wave. By consid-
ering the pole of the transmission t [24,43], two resonances
can be found for the double grating and their frequencies
and widths are given by

ωR = ωR0 ± �0 sin (kzh) /2, � = �0 [1 ± cos (kzh)] .
(3)

When kzh = mπ with m being an integer, the two reso-
nances have the same resonant frequency (ωR = ωR0) but
different width. One resonance has a vanishing width form-
ing a BIC (� = 0), whereas the other acquires the double
width (� = 2�0) [24,43]. For the case of kxp = 0, the
BIC occurs when the distance between the two gratings
is h0 ≈ mπc/ωR0. For a distance h close to h0, we have

ωR ≈ ωR0 [1 − a2ωR0(h − h0)/c] , (4)

Q ≈ ω2
R0

2Q0 (ωR − ωR0)
2 , (5)

Cr ≈ Ct ≈ Ct0Q/ (2Q0) , (6)

where a2 = [2Q0 + ωR0(a1 + h0/c)]−1, and Cr, Ct, and
Ct0 are the conversion efficiencies at the resonant fre-
quency ωR.

From the above formulas, we can see that for the inci-
dence of evanescent plane waves, the double-grating struc-
ture can provide more efficient wave conversion (Ct/Ct0 ≈
Q/ (2Q0) � 1) at the resonant frequency. We note that
when the evanescent plane wave is incident on the double-
grating structure, a propagating plane wave with amplitude
ct0H1 will be first produced under the upper grating and
then bounce back and forth multiple times between the two
gratings. At the BIC point, the multiple reflected propa-
gating waves can constructively interfere, leading to very
strong field in the cavity. Consequently, strong outgoing
propagating waves can be observed from the system. In
other words, the initial propagation wave generated by the
upper grating serves as a light seed [shown as the orange
arrow in the inest to Fig. 1(d)], which can be amplified by
the Fabry-Perot cavity [see Fig. S1(b) in the Supplemen-
tal Material]. The light-amplification process can become
very efficient at the BIC, resulting in a lasinglike output.

To check the validity of the above formulas, more
simulations are performed for the BIC structure with dif-
ferent distance h [see Fig. 2]. As the ratio h/p increases
from 0.2 to 0.23, the resonant frequency decreases slightly
[Fig. 2(a)]. In contrast, the Q factor and wave conversion
efficiency of the structure change dramatically [Fig. 2(b)].
At h = h0 = 0.21437p , very large values can be seen for
both the Q factor and wave conversion efficiency. It is
also found that the wave conversion efficiency can increase
linearly with increasing the Q factor (Cr = 0.06504Q).
These simulated results can be well described by the above
model. By fitting the curves in Figs. 2(b) and 2(c) with
Eqs. (5) and (6), we can obtain the fitting parameters of
Q0 = 2.96 and Ct0 = 0.385. We note that in our model,

(a) (b)

(c) (d)

FIG. 2. (a) Normalized resonant frequency fRp/c ≡ p/λR, (b)
Q factor, and (c) wave conversion efficiency Cr at fR as a function
of the distance h for the peak in Fig. 1(d). (d) Wave conversion
efficiency Cr at fR as a function of the Q factor. Dots are sim-
ulated results. Red curves are obtained from Eqs. (4)–(6) with
appropriate fitting parameters.
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only the first wave conversion at the upper grating is con-
sidered and other wave conversion processes are neglected.
Hence, the fitting parameters here are slightly different
from the values (Q0 = 3.0, Ct0 = 0.550) in Figs. 1(a)
and 1(b).

The above studies have been focused on incident
evanescent plane waves with parallel component of
wavevector kx = 2π/p . In Fig. 3, more results are pre-
sented for different values of kx. When |kx − 2π/p| < k0,
the incident evanescent plane wave can be converted into
outgoing propagating plane waves [i.e., in the white region
in Figs. 3(a), 3(d), and 3(h)]. Maximal conversion effi-
ciencies can be achieved when the incident evanescent
wave has a frequency fR (kx) as shown in Figs. 3(a), 3(d),
and 3(h). Here, the resonant frequency varies a little (<
20%) for different kx. Correspondingly, the Q factors are
also shown in Figs. 3(b), 3(e), and 3(i). When h > h0, two
BICs can be seen [Fig. 3(i)]. As h = h0, the two BICs
become degenerate at kx = 2π/p [Fig. 3(e)]. When h < h0,
no BICs can be observed in Fig. 3(b). In fact, the number
of BICs is conserved [31]. To observe BICs for h < h0,
the incident evanescent waves need to possess kx = 2π/p
and nonzero ky . Because of the large Q factor, a high wave
conversion efficiency Cr is also observed [Figs. 3(c), 3(f),
and 3(j)]. For h > h0, very efficient wave conversion can
be achieved when the BICs are excited.

Based on the efficient evanescent-to-propagating wave
conversion, unusual CR can be observed in the BIC
structures. Here, we consider an electron bunch that
has a line charge density q along the y direction and
moves at z = b with a velocity v along the x direction.
The electron bunch can generate evanescent plane waves

(a) (d) (h)

(i)

(j)

(e)

(f)

(b)

(c)

FIG. 3. (a) Normalized resonant frequency fRp/c ≡ p/λR, (b)
Q factor, and (c) wave conversion efficiency Cr at fR for the
impinging of an evanescent plane wave with parallel compo-
nent of wavevector kx upon a double dielectric grating with
h = p/5, w1 = 0.6p , w2 = 0.4p , and n = 3.44. (d)–(f) The same
as (a)–(c) but for h = 0.2143p . (h)–(j) The same as (a)–(c) but
for h = 0.23p .

with wavevectors (kx, −iγ ) in the x-z plane and H field
of H1exp (γ z + ikxx − iωt) (for z < b) in the y direc-
tion [16,17]. Here, t is time, H1 = I0e−γ b/2, I0 = q/(2π),

γ =
√

k2
x − k2

0, kx = ω/v [as shown as the dashed line
in Fig. 3(h)], and the angular frequency ω varies from 0
to infinity. It can be seen that the CR generated by the
double dielectric grating exhibits high intensity as well
as narrow ranges in both emission angle and frequency
[Figs. 4(d), 4(e), and 4(f); |Emax| = 1260 V/m here, much
higher than |Emax| = 79 V/m in [16]], which are unachiev-
able by corresponding single grating [Figs. 4(a), 4(b),
and 4(c)]. Here, besides the emission angle and central
frequency fR, both the E-field amplitude at fR and width
(�f = fR/Q) of the CR also depend on the electron veloc-
ity [Fig. 5]. At certain electron velocities, BICs can be
excited resulting in infinitely narrow width and very high
intensity for the CR [Figs. 5(c) and 5(d); we note that
the maximal intensity |E| = 79 V/m in [16]]. Since the
CR peak possesses a height inversely proportional to its
width, the total radiation power remains finite at BICs. We
remark that traditional free-electron lasers work at an elec-
tron velocity very close to the light speed in the vacuum
(v ≈ 0.999c) [4], requiring large and complex electron
accelerators. In contrast, only a low electron velocity
(v = 0.48c) is needed in our design [Fig. 4(e); the lowest
electron velocity vmin ≈ c/n for the dielectric BIC systems
and vmin ≈ 0.29c for n = 3.44], facilitating the realization
of compact free-electron lasers.

(a)

(b)

(c) (f)

(e)

(d)

(deg) (deg)

FIG. 4. (a) Schematic of a charged particle moving close and
parallel to the surface of a single grating. An upgoing (downgo-
ing) EM wave 3 (4) with an E field E3 (E4) can be produced at
angle θ . The charged particle has parameters of v = 0.48188c,
I0 = 1 A/m, and b = p/5. The grating parameters are the same
as in Fig. 1(b). (b) E-field amplitude

∣∣E3,4
∣∣ and (c) normalized

frequency fp/c ≡ p/λ of outgoing EM waves at different angle
θ . (d)–(f) The same as (a)–(c) but for the double dielectric grating
in Fig. 1(d).
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(a) (b)

(c)
(d)

(d
eg

)

FIG. 5. (a) Emission angle, (b) normalized peak frequency
fRp/c ≡ p/λR, (c) E-field amplitude of CR

∣∣E3,4
∣∣ at fR, and (d)

Q factor for the radiation peak in Fig. 4(e). Except the particle
velocity v, the other parameters are the same as those in Fig. 4(e).

Finally, we remark that the above results are based
on a dielectric double grating and can be anticipated
in other Fabry-Perot BIC structures. To construct such
BIC structures, a dielectric or vacuum layer needs to be
sandwiched between two reflecting mirrors with periodic
structures [24–26]. Here, the mirrors are required to not
only convert incident evanescent plane waves into outgo-
ing propagating waves but also highly reflect propagating
plane waves at resonant frequency. Besides the above
one-dimensional dielectric grating [24], two-dimensional
dielectric PC slabs can also serve as the reflecting mir-
rors (see Fig. S2 in the Supplemental Material) [25,43]. In
addition, a thick dielectric grating can also be a BIC sys-
tem (see Fig. S4 in the Supplemental Material) [31,43]. For
such dielectric BIC structures, some realistic factors such
as surface roughness, the introduction of a substrate, and
a finite sample size can lower the Q factor of the struc-
ture [35,36]. However, through a good design and fine
fabrication, a high Q factor (80 000) can still be achieved
in experiments [28,34]. Such quasi-BIC structures with
high Q factors will exhibit high efficiencies for wave
conversion and CR generation at resonant frequency [see
Figs. S2 and S4 in the Supplemental Material]. Moreover,
metallic metasurfaces can also serve as the reflecting mir-
rors [16,43], which can have much smaller thickness than
dielectric gratings and PC slabs. But due to the Joule loss
of metal, a relatively low Q factor and wave conversion
efficiency may occur in the metallic structures [see Fig. S3
in the Supplemental Material].

III. SUMMARY

In summary, we demonstrate that using a periodic
grating structure, which supports photonic BICs and quasi-
BICs, very efficient evanescent-to-propagating wave con-
version can be achieved at resonant frequency. This effect
arises from an interesting light-amplification process in the

Fabry-Perot BIC structure. As a result, strong CR can be
produced at a narrow frequency region at a relatively low
particle velocity. Our results present a mechanism for real-
izing Cherenkov lasing at low electron velocity and may
benefit the construction of compact free-electron lasers.
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